Let M be a connected compact complex manifold endowed with a strongly pseudoconvex complex Finsler metric F . In this paper, we first define the complex horizontal Laplacian 
It is known to us that if F comes from a Kaehler metric on M, then the complex Laplacian on M and the HodgeLaplace operator on M satisfy = 2 and = , see [17] . (M, F ) , and their difference is not a tensor [1] .
These differences motivate us to investigate the vanishing theorem on a strongly pseudoconvex complex Finsler manifold (M, F ) via the method of complex differential geometry, which also proves to be effective in the treatment of complex Finsler submanifolds [29] .
The key point is that the complex horizontal Laplacian h also lives in the projectivized tangent bundle PM, which is a compact complex manifold whenever M is compact. This makes it possible for us to establish a divergence type lemma and furthermore use it obtain a vanishing theorem of holomorphic p-forms on M when F is a Kaehler Finsler metric on M.
The main results in this paper are (cf. Theorem 5.5, Theorem 5.7 and Theorem 6.3). and their conjugations with respect to the global inner product (·,·). In Section 4, the Levi-Civita connection ∇ associated to (T 1,0 M, , ) is expressed in terms of the connection coefficients of the complex Rund connection. In Section 5, we obtain the global form of h and v . In Section 6 we establish a divergence type lemma and prove a vanishing theorem of holomorphic p-forms on Kaehler Finsler manifolds.
Complex Rund connection
In this section we recall the complex Rund connection associated to (M, F ). The basic reference to this section is [1, 22] .
Let M be a connected complex manifold of dim C M = n. Denote by π : T Let {z α } be the local holomorphic coordinates on M, and {z α , v α } be the induced local holomorphic coordinates on
In this paper, M is assumed to be endowed with a strongly pseudoconvex complex Finsler metric F in the sense that 
Recently, this connection is studied in [3] [4] [5] [6] [7] . Since the horizontal coefficients of the complex Rund connection and ChernFinsler connection coincide, the horizontal covariant derivatives of a tensor with respect to the complex Rund connection and Chern-Finsler connection is the same. Thus the complex Rund connection is horizontal metrical in the sense that 
Denote by
(1.10)
Z be the torsion and curvature tensors of D, respectively. Then it is easy to check that the non-zero components of T and Ω are give respectively by [4] 
where
and the over-lines denote the conjugation.
Decomposition of the exterior derivative onM
In this section we shall investigate the exterior derivative operator d on T 1,0 M, and obtain a decomposition of d into four endomorphisms and their conjugations. Now let us consider the space A (M) of smooth complex-valued forms onM which is define by [19, 20] A (M) = 
where 
For the one-forms {δv α , δv α }, we have
where in the first equation we have used the identities [1] 
In order to obtain the relationship between dϕ and the h(v)-covariant derivative of ϕ with respect to D, we denote i( X) the substitution operator which is induced by X ∈ X (T CM ), and denote e(φ) the operator by wedging with a differential
where the over-lines denote conjugation. In particular,
and e(φ)e(ψ)ϕ = −e(ψ)e(φ)ϕ, 
Proof. This is a direct calculation, and we omit its proof here. 
(M). And then define the metric adjoints
, respectively with respect to the global inner product (·,·).
where ·,· v denotes the inner product on complex vector space T CM at v ∈M. The inner product ·,· v induces an inner product on the space A v (M) of forms evaluated at v ∈M. We also denote this inner product by ·,· v and we define the following: M. Furthermore, if we denote by G = det(G αβ ), then it is easy to check that
where we have denoted by 
Obviously, the global inner product (·,·) satisfies the following properties: We define |ϕ| = √
In the following we shall define a Hodge star operator 
Then as in Hermitian geometry [17] , one can verify that the star operator defined above satisfies the following theorem.
Since the proof of the following theorem gives no new sight we omit its proof here. 
(2) * ϕ = * φ; 
where in the third equality we have used the fact that
since ϕ ∧ * ϕ is a form of type (n − 1, n; n, n) onM and ϕ ∧ * ϕ has compact support inM. By type reason we have
Consequently, 
Gγ Proof. As is known, the Levi-Civita connection ∇ associated to the Riemann metricg is given by 
Thus we prove (4.3). Repeat the above process we can prove (4.4)-(4.10). 2
Thus using Theorem 4.1 and the formula 
Invariant complex horizontal and vertical Laplacians onM
In this section we shall first derive the precise expression of the metrical adjoints
and their conjugations. Then we define four kinds of complex Laplacians and obtain their global expressions, respectively.
Let's first see the simple case when the Hodge Laplace operator
It is clear that both A α andȦ α are contravariant tensor fields onM. In the following we denote by Aᾱ andȦγ the conjugation of A α andȦ γ , respectively.
Theorem 5.1. Let be the Hodge Laplace operator on the Riemannian manifold (M,g). Then for every real function f
Since for a real function f ∈ C ∞ (M), we have = d * df . Thus by (4.2) we have
Using (4.13)-(4.20) we obtain
Now summing together and using the notion in (5.1), we obtain (5.2). 2
In the following, we shall derive the metrical adjoints (2.9)-(2.12) and their conjugations. First, it follows from (2.13) that the dual operator d * can be decomposed correspondingly as
Now substituting (4.13)-(4.20) into (4.2), after a bit long but direct computations and arrangement of the resulted terms according to types we obtain
(5.11) Definition 5.2. We define the following differential operators:
h and v are respectively called the complex horizontal and vertical Laplacians on (M, F ). 
It follows immediately from (5.13) that a complex horizontal form ϕ ∈ A
p,q c (M) is -harmonic if and only if
(5.14)
In the following, we shall derive the expressions of the complex 
This contrast sharply to the complex Laplacian in Kaehler manifolds [17, 25] . In this section we shall prove a vanishing
A p be a complex-valued p-forms on M. Although the pulled back π * ϕ is defined onM, π * ϕ doesn't has compact support inM. Thus it is necessary for us to formulate those Laplacians on the projectivized tangent bundle PM (see [9, 15] ) rather on the non-compact complex manifoldM, since PM is a compact complex manifold of dim C PM = 2n − 1 whenever M is a compact complex manifold of dimension n. A careful observation shows that the complex horizontal Laplacian h in fact lives on the projectivized tangent bundle PM since h is invariant under the scaling v → λv for every λ ∈ C * . In the following we shall derive a divergence lemma for the horizontal vector fields X = X α δ α + Xᾱδᾱ on PM and then use it prove a vanishing theorem of holomorphic p-forms on M under the condition that F is a Kaehler Finsler metric.
As is known [9] , the Hermitian metric ·,· given by (1.3) descends to the following Hermitian metric
on the total space PM. Thus we can choose the invariant volume form dV PM of PM as
where we have denoteḋ
Since by Proposition 2.3 in [9] , we have
Thus the volume dV PM can be expressed as
Let X be a real horizontal vector field on PM and denote L X the Lie derivative with respect to the volume form dV PM , then the divergence of X = X α δ α + Xᾱδᾱ with respect to dV PM is given by 
We claim that the first term on the right side of (6.8) vanishes. In fact, since
On the other hand, by (6.3) we have
and the first term on the right side of (6.8) vanishes.
For the second term on the right side of (6.8), we first note that
Using the formula
we have
Thus one can check by using (6.9) and (6.10)-(6.11) that
Since by Lemma 1.3 in [27] ,
Therefore, 
(6.12) 
